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The Ashtekar-Barbero-Immirzi formulation of General Relativity is extended to include spinor 
matter fields. Our formulation applies to generic values of the Immirzi parameter and reduces to 
the Ashtekar-Romano-Tate approach when the Immirzi parameter is taken equal to the imaginary 
unit. The dynamics of the gravity-fermions coupled system is described by the Hoist plus Dirac 
action with a non-minimal coupling term. The non-minimal interaction together with the Hoist 
modification to the Hilbert-Palatini action reconstruct the Nieh-Yan invariant, so that the effective 
action coming out is the one of Einstein-Cartan theory with a typical Fermi-like interaction term: 
in spite of the presence of spinor matter fields, the Immirzi parameter plays no role in the classical 
effective dynamics and results to be only a multiplicative factor in front of a total divergence. 

We reduce the total action of the theory to the sum of dynamically independent Ashtekar-Romano- 
Tate actions for self and anti-self dual connections, with different weights depending on the Immirzi 
parameter. This allows to calculate the constraints of the complete theory in a simple way, it is only 
necessary to realize that the Barbero-Immirzi connection is a weighted sum of the self and anti-self 
dual Ashtekar connections. Finally the obtained constraints for the separated action result to be 
polynomial in terms of the self and anti-self dual connections, this could have implications in the 
inclusion of spinor matter in the framework of non-perturbative quantum gravity. 

PACS numbers: 04.20.Fy, 04.20.Gz 
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I. GENERAL REMARKS 



In the last years with the introduction by Ashtekar of 
a new formalism for General Relativity 0, Q , many steps 
forward have been made in finding a consistent quantum 
theory of gravity. The main advantage represented by the 
Ashtekar formalism in the program of a background inde- 
pendent quantization of the gravitational field is the re- 
duction of the phase space of General Relativity (GR) to 
that of a Yang- Mills gauge theory, with the introduction 
of self-dual SL(2, C) connection, satisfying appropriate 
reality conditions. Furthermore, introducing Ashtekar 
connections, the constraints of GR reduce to a polyno- 
mial form, opening the way to the canonical quantization 
procedure, which has led to the formalization of a back- 
ground independent non-perturbative quantum theory of 
gravity, known as Loop Quantum Gravity (LQG) [3|, j 
(for a mathematically rigorous approach to LQG sec 
in order to deepen into the role of Wilson's loops in Quan- 
tum Field Theory and LQG see |g, arguments clarifying 
the meaning of background independence and of rela- 
tional space-time are contained in 0, while a compari- 
son between different approaches to the quantum gravity 
problem can be found in Q). 

The difficulties connected with the implementation on 
the quantum level of the reality conditions led Barbero 
to introduce real SU{2) connection instead of the 
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complex Ashtekar's one. In Barbero's formalism we have 
not any need of the reality conditions, but the Hamilto- 
nian scalar constraint is more complicate than the one 
coming out using complex connections. The link exist- 
ing between Ashtekar and Barbero connections was clar- 
ified by Immirzi [ToL ITlj , who observed that there exists 
a canonical transformation which allows to introduce a 
finite complex number [3 ^ 0, called the Immirzi param- 
eter, in the definition of the connection; this represents 
a generalization of the Ashtekar's formalism and reduces 
to the original one when the Immirzi parameter is taken 
equal to the positive or negative determination of the 
imaginary unit, i, corresponding to the self or anti-self 
dual Ashtekar variables; on the other hand real values 
of the Immirzi parameter yield the Barbero connections, 
originally defined taking (3 = ±1. 

The Immirzi parameter is a free parameter of the the- 
ory and, being introduced, as said above, via a canoni- 
cal transformation, does not affect the classical dynam- 
ics; but, as shown in |T^|. the canonical transformation 
cannot be implemented unitarily in the quantum theory, 
yielding striking effects, for example, in the spectra of the 
area and volume operators computed in LQG: they come 
out to be proportional respectively to pi^ and P 3 ^ 2 ipi- 
In this respect the role of the Immirzi parameter becomes 
clear when we treat the Ashtekar-Barbero-Immirzi for- 
malism in the covariant Hoist approach 13], it, in fact, 
results to be a multiplicative factor in front of a modi- 
fication of the Hilbert-Palatini action; this modification 
does not affect the dynamics if space-time is torsion-less. 
Therefore the role of the Immirzi parameter can be com- 
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pared with the 9 angle in QCD, in fact, both provide 
effects only in non-perurbative quantum reg imes. 

Recently Perez and Rovelli on one sid e 1141 and Freidel, 
Minic and Takeuchi on the other side showed that 
when minimally coupled spinor fields are present, the 
Hoist modification is, in general, no more "topological" 
and, as a consequence, the effective theory is not the ex- 
pected Einstein-Cartan theory. The reason is connected 
with the well known fact that the presence of fermions, 
minimally coupled to the gravitational field, modifies the 
structure o f sp ace-time, yielding a non vanishing tor- 
sion tensor 16]. This implies some modifications in the 
effective theory involving the Immirzi parameter, thus 
opening the way to a (classical) physical interpretation 
of this parameter, which comes out to be related with 
the coupling constant in front of the four fermions inter- 
action term characterizing the Einstein-Cartan effective 
theory 1 . But this harshly contrasts with the spirit of the 
Ashtekar-Barbero- Immirzi formalism and with the quan- 
tization program of GR: we expect, in fact, that also in 
the presence of spinor matter, which is a fundamental 
ingredient of any physical theory, the low energy limit be 
the ordinary one. In the case of gravity we expect to find 
the Einstein-Cartan theory as effective low energy limit 
as in the original Ashtekar-Romano- Tate's paper pjj (see 
also ^U) > m which the inclusion of bosons and fermions 
however leads to the Einstein-Cartan as effective theory. 
In other words we expect that, also in presence of mat- 
ter, the Immirzi parameter had none effect in the classical 
theory. 

The request that the classical effective theory be not 
affected, in any case, by the Immirzi parameter implies a 
generalization of the Hoist covariant approach. Since the 
presence of spinor fields generates torsion, then we expect 
that a central role be played by the following term 

S NY (e,u,T) = J (T a AT a -e a Ae b AR ab ), (1) 

called Nieh- Yan invariant [2(j , which is the only exact 4- 
form invariant under local Lorentz transformations asso- 
ciated with torsion [2l| and represents the natural gener- 
alization of the Hoist modification to the Hilbcrt-Palatini 
action. 

In this paper we present a theory where fermions cou- 
pled to the gravitational field are present: the grav- 
itational field is described by the Hoist action, while 
fermions are described by a non-minimal Dirac La- 
grangian. The non-minimal Lagrangian is introduced so 
that the low energy effective dynamics be equivalent to 
the one of the Einstein-Cartan theory, with the typical 



1 Furthermore, as showed in Il5l Il7l . the introduction of a non 
minimal coupling in the fermions action leads not only to a mod- 
ification in the coupling constant in front of the four fermions 
interaction term, but also to a parity violation in the effective 
field theory, unfortunately this effect c anno t provide constraints 
on the value of the Immirzi parameter Il5l . 



axial-axial currents interaction. Our theory generalizes 
the Ashtekar-Romano- Tate one (which' can be obvi- 
ously obtained from the general case taking (3 = i), to 
arbitrary values of the Immirzi parameter, as a conse- 
quence, also to the case of real connections, which plays 
a central role in the quantization program. 

The non-minimal coupling term present in our ap- 
proach together with the additional term in the Hoist ac- 
tion reconstruct the Nieh- Yan invariant (JTJ, as expected 
from the very beginning, ensuring that the classical dy- 
namics be the one described by the Einstein-Cartan the- 
ory. 

The non-minimal spinor action can be, unexpect- 
edly, separated in two independent actions with differ- 
ent weights depending on the Immirzi parameter where 
the respective interaction terms contain the self-dual 
and anti-self-dual Ashtekar connections; this suggests to 
search for a similar separation in the Hoist action, in or- 
der to rewrite the total action as the sum of two actions 
describing independently the self-dual and anti-self-dual 
sector of the complete theory. This separation is in fact 
possible p3 , |23| and seems to reflect a partial parity vi- 
olation in the gravitational interaction 2 . 

The plan of the paper is the following one: 
In Section[H]we introduce the Hoist action, clarifying the 
role of the Immirzi parameter. 

In Section IlIII we give a brief review of Einstein-Cartan 
theory, digressing on the main results of |l4j and |15J. 
In Section IIVI we motivate and present our approach, 
moreover the link between the non-minimal coupling 
term in the spinor action and the Nieh- Yan invariant is 
explained (a brief description of the Nieh- Yan topologi- 
cal term and its relation with the Pontryagin four dimen- 
sional classes are contained in the Appendix lA"|l : finally 
we show that the Ashtekar-Romano- Tate Lagrangian is 
obtainable by our non-minimal Lagrangian in the limit 
j3 = ± i (this part of Section IIVI is supported by the for- 
mulas and results contained in the Appendix [BJ). 
In Section^the separation of the total action in self-dual 
and anti-self-dual part is carried out. 
In Section IVII we present the canonical Hamiltonian the- 
ory, we calculate the constraints of the theory for general 
values of the Immirzi parameter, starting from the La- 
grangian introduced in section Hvl 

A discussion of the result presented is contained in the 
Concluding Remarks. 

Along all the paper we use the sign convention of the 
Landau Lifsits series. We assume 8irG = 1. 



2 In the interesting paper 12-1 the author shows how to extend the 
Kodama state to arbitrary values of the Immirzi parameter just 
using the separation of the Hoist action we are speaking about. 
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II. THE HOLST ACTION AND THE ROLE OF 
THE IMMIRZI PARAMETER 

Let us introduce in this section the Hoist action, which 
represents an important contribute in understanding the 
geometrical content of the Ashtekar-Barbero-Immirzi for- 
malism. In [l3j, the author shows that the Barbero's 
Hamiltonian formulation of General Relativity can be 
derived from an action which generalizes the ordinary 
Hilbcrt-Palatini action. The Hoist action is: 

ShoI = Shp (e, uj) + Stt (e, to) 

= \J [e abcd e a A e b A R cd - | e a A e b A R ab ^j , (2) 

where e a is the gravitational field, while R ab = dui ab + 
uj a r A uj cb is the Riemann curvature 2-form and uj ab is 
the Lorentz valued spin connection 1-form. The con- 
straints coming out from the ADM 3+1-splitting of the 
Hoist action are the following ones (Indexes from the 
beginning of the Greek alphabet a, 0, 7 . . . are spatial in- 
dexes, while indexes from the middle of the Latin alpha- 
bet, i,j,k... denote internal degrees of freedom, both 
the sets of indexes run from 1 to 3): 



Gi = V a E? = d a E? + e tJ k (p] AiE« = 0, 
C a = E i T l al3 = 0, 



C = 
where 



~ 2 E ? E 3 



e\F k ap + 2(^ + 1) K\ a K 



Tpa 1 1 

E, —-- e ijk E 



(3a) 
(3b) 

0, (3c) 
(4a) 



a/3l e 3' k _ 



■J f 



a/3 



-y/\drtq\e a i , (4b) 
Z^^ + E^^W^, (4c) 



are respectively the connection 1-form taking values in 
SU(2) or 5*0(3), its conjugate momentum and the cur- 
vature 2-form associated with the connection A 1 ; detq 
represents the determinant of the metric on the 3- 
dimensional spatial surface [5j . The first class secondary 
constraints 10 reflect the gauge freedom of the physical 
theory, in particular the internal automorphisms of the 
gauge bundle and the diffeomorphisms invariance of the 
space-time, constraining the system on a restricted re- 
gion of the phase space. 

In operating the 3+1-splitting of the Hoist action we can 
appreciate a profound difference between Ashtekar and 
Barbero connections [24| , indeed, while the Ashtekar con- 
nections are the pullback to the spatial surface of the 
4-dimensional connection, as it appears clear in the La- 
grangian formulation presented by Jacobson and Smolin 
|23; the Barbero ones are defined using specific compo- 
nents of the space-time connection. As a consequence 
the holonomy along a loop of the Barbero connections 
depends on the slicing 26], while the holonomy of the 
Ashtekar connection depends only on the loop. 



As far as the constraints are concerned it is worth not- 
ing that the Gauss' law H3a|) and the vector constraint 
l|3b(l does not depend on ft, while the scalar constraint 
(|3cf) is /3-dependent, implying that the physical predic- 
tions of the quantum theory will in general depend on 
the Immirzi parameter; a striking consequence is that 
even physical quantities not directly depending on the 
Hamiltonian, for example the area operator, as above re- 
marked, come out to be /?-dependent. 

Even though the Immirzi parameter has an important 
role in the quantum regimes, as just remarked, it plays 
no role in the classical dynamics, in fact, the Hoist action 
differs from the Hilbcrt-Palatini action for the presence 
of the following term: 



Stt (e,w) 



1 



e a A e b A R ab , 



(5) 



which does not affect the classical dynamics; in fact the 
variation of the Hoist action with respect to the spin 
connection oj ab gives us the II Cartan structure equation 
in the torsion-less case 

de a + uj\ A e b = T a = 0, (6) 



this equation implies the following identity 
R\ A e b = 0, 



(7) 



then the variation of the Hoist action with respect to the 
gravitational field e a leads to the usual Einstein dynam- 
ical equation: 



e abcd e b AR cd (« (e)) 



0, 



(8) 



where we have taken into account the identity in line J7J) . 

It is worth stressing that the presence of a torsion ten- 
sor in the right hand side of the II Cartan structure equa- 
tion would make the Hoist action no more dynamically 
equivalent to the Hilbert-Palatini action. In other words 
for the action Stt to be a topological term the II Cartan 
structure equation with vanishing right hand side has to 
be valid, otherwise the Bianchi identity would assume its 
general form: 



R a b A e b 



dT a 



A T 



(9) 



and a contribution proportional to the Immirzi param- 
eter would appear in the right side of the Einstein field 
equations. 

Then, in vacuum, an analogy between the Immirzi 
parameter and the 0-angle in QCD exists: their po- 
sition with respect to the topological term is just the 
same, moreover both do not affect the classical dynamical 
vacuum equations and appear only in non-perturbative 
quantum effects (an interesting work on this subject is 
[23, where the authors propose an analogy between the 
Immirzi ambiguity and ambiguities present in Yang-Mills 
and Maxwell theories). It is interesting to ask whether 
this analogy survives in the presence of spinor matter. 
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III. IMMIRZI PARAMETER AND EFFECTIVE 
THEORY 



The Einstein-Cartan theory describes a system of 
fermion fields coupled to gravity, the action for this sys- 
tem is the following one: 

Sec (e,LO,ip,ip) = | / ^bcd e a A e b A R cd 

+ % - J * e a A (^ 7 a I?V - V$l a i>) , 

(10) 

where the symbol " * " indicates the Hodge dual, while 
the covariant derivative operator T> acts on the spinor 
fields as follows: 



and T>ip 



(11) 

Ti a b are the generators of the Lorentz group, defined in 
lines (|BT7|) . 

In order to get the effective theory, we should vary the 
action above with respect to the spin connection field oj ab 
and solve the II Cartan structure equation resulting from 
the principle of stationary action, obtaining the expres- 
sion of the spin connection as function of the gravita- 
tional and spinor fields. A useful characteristic of the so- 
lution of the II Cartan structure equation is that the pure 
gravitational contribution to the spin connection can be 
separated from other possible contribution, this allows us 
to write 



(e) 



K ab 



(12) 



where uj pb (e) 



s p a V M e b is the pure gravitational part 
of the total spin connection: in other words it is the solu- 

3 A deta iled classification of the torsion components can be found 
in |28| . while multidimensional classical gravity with torsion is 



tion of the II Cartan structure equation in the torsion-less 
case © (the symbol " ° " will denote the torsion-less ge- 
ometrical objects), while K p b = K up p e^e p b is the tetrad 
projection of the so-called contortion tensor K vp ' which 
is different from zero only when external sources for tor- 
sion are present in the total action. Some formulas and 
definitions are useful for what follows: first of all, we re- 
call the following relation between the contortion tensor 
and torsion 



pp — 2 ^ p p 



(13) 



it is worth noting that while the contortion tensor is an- 
tisymmetric in the first two indexes: K vpp — —K pvp , the 
torsion tensor is antisymmetric in the last two indexes: 
x vpp — x vpp ■ 

It is useful to divide torsion into its irreducible parts: 
the trace vector 



1 P 1 pv > 



the pseudo-trace axial vector 



u p — ^LLvpa- L 



(14a) 



(14b) 



and the tensor 

q vpcr , satisfying: q v pv = and e pupcr q vp,y = 0. 

(14c) 

The expression of the torsion tensor through the above 
new fields is: 

T p vp — g {Ti/g pp T p g pv ) —tpupaS + q pvp: (15) 

where g pv — f]ab£pZ b 1S the metric tensor 3 . Using 
the above formulas and definitions we can rewrite the 
Einstein-Cartan action as follows: 

described in |2S1 . 



S E c (e, S,T,q,i>,^) = -- j d 4 xdet(e) ( e\e\ R pv -2 VpT p -- T p T p + — S„S» + - qp Vp q pvp 



+ - / d 4 xdet(e) e p a ^ a V P ^-V P V>7> + T S P J: 



'(A) 



(16) 



where J P A ^ — ip~f p ^ 5 Tp indicates the spinor axial cur- 
rent. For completeness we wrote in the action also a 
total divergence term, which can be dropped out sup- 
posing the manifold we are integrating over is compact 
without boundary or requiring that the fields vanish on 
the boundary. 

In order to calculate the effective theory, we apply the 
variational principle to the trace vector T M , pseudo-trace 



axial vector S v and q pU p, obtaining respectively the fol- 
lowing equations: 

T p = 0, 1 + = 0, <r' = 0; (17) 

the solutions above allows to rewrite the spin connection 
as 

, ,ab ° ab i ,ab c jd l-i o\ 

U p + | e cd e p J (A)i 
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which is, as expected, of the form in line (|12f> . Now on the 
base of a well known theorem 4 , we reinsert the solutions 
of the equations above into the action obtaining: 



Sj [A )-J<a) = / d 4 xdet(e) 



1 



V>7 a Vpip-Vp ip-f a ^p 



3 

16 



Va.bJ(A)J(A) 



(19) 



This is the well known effective action of the Einstein- 
Cartan theory with the peculiar Fermi-like four fermions 
interacting term. In this approach torsion is a non- 
dynamical field, in particular the pseudo-trace axial vec- 
tor is the only interacting field of the irreducible parts of 
the contortion tensor and is characterized by a contact in- 
teraction with the axial spinor current; as a consequence, 
the effective theory is completely torsion free, as one can 
easily recognize looking at the action l|19|) . but the dy- 
namics is complicated by the presence of a four fermions 
point-like interaction, "mediated" by the non-dynamical 
pseudo-trace axial vector field. The four fermions term 
becomes important when the energy available reaches a 
huge critical density [3(| and it can be easily neglected 
at the energy at present available in "on Earth" experi- 
ments, but it could have important effects in Cosmology, 
because the very early Universe reached energies even 
higher than those required to make the J(A) ~ J(A) term 
dominant. 

Generalizing the Einstein-Cartan theory substituting 
the Hilbert-Palatini action with the Hoist action in line 
P)l. the dynamical equations for the irreducible compo- 
nents of the torsion tensor change and come out to be 
dependent on the Immirzi parameter. In particular, be- 



ing 



e a A e b AR ab = ±f d 4 xdet(e) U a e\e ab cd R^ 



-V„S" - -T^ - £ rfr ) , (20) 



the irreducible components of the torsion tensor are given 
by the following expressions: 



rpp _ « 



3 (3 TP 



s a = - 



3/3 2 



/? 2 + l ^ 



4 (3 2 + 1 ^ 

TO pup 
J (A ' 1 



0. 



(21a) 
(21b) 



Let S (qi, Qj ) be an action depending on two sets of dynami- 
cal variables, qi and Qj. The solutions of the dynamical equa- 
tions are extrema of the action with respect to both the two 
sets of variables: if the dynamical equations dS/dqi = have a 
unique solution, q^ (Qj) for each choice of Qj, then the pull- 
back S (qi (Qj ) ,Qj) of the action to the set of solution has the 
property that its extre ma are precisely the extrema of the total 
total action S(qi,Qj) Il8l . 



and reduce to the ones in line (|17(l in the limit (3 — > oo. 
It is worth noting that the solutions above are not com- 
pletely consistent, because the solution in line (|21a|) gives 
a relation of proportionality between a vector and a 
pseudo-vector which have different properties under co- 
ordinates transformations, moreover the same relation 
constraints the Immirzi parameter to be real otherwise 
the scalar vector irreducible component of torsion would 
become imaginary (this also prevents by a possible di- 
vergence of the action, as one can easily realize looking 
at the constant in front of the four Fermions interaction 
term below). However a formal substitution of the above 
solutions in the action provides the result obtained in [lH ] 
and in yjj: 



s J(a)-J ( a) (e>"0>?) = / d 4 xdet(e) [-^e^e^R^ 



(22) 



3 1 



'lab J (A) J ( 



16 ^TI /o6 (A) (A) 



where we have taken into account the identity in line 
(JZJ. This result shows that the Immirzi parameter, which 
appears in the action for the gravitational field used as 
starting point in the construction of LQG, not only ap- 
pears in non-perturbative quantum effects but also in the 
classical equations of motion, when fermions are present, 
leading to (independently from the quantum theory) pos- 
sible observable effects. It plays the role of coupling con- 
stant in front of the four fermions interacting term. 

In this respect the analogy between the #-term in QCD 
and the Hoist modification to the Hilbert-Palatini action 
cannot be put forward in presence of spinor matter, in- 
deed, while the former remains a topological term of the 
Pontryagin class even though minimally coupled fermion 
fields are present, the latter is no more a topological term. 
The presence of spinor matter generates, in fact, a non- 
vanishing torsion, thus, as formally remarked in the pre- 
vious section, the Bianchi identity assumes its general 
form, preventing the Hoist action to yield a dynamics 
completely equivalent to the ordinary one. In particu- 
lar the resulting action differs from the usual Einstein- 
Cartan one by a dependent coupling constant in front 
of the Fermi- like interaction term. We stress that this re- 
sult, even though interesting, cannot be accepted because 
of the inconsistency of the relation in line l|21a|l and, from 
a more conceptual point of view, because we expect that 
the effective dynamics of the theory be completely equiv- 
alent to the one coming out from the Einstein-Cartan 
theory 

In this respect, in the next section we present a the- 
ory which has these characteristics: it reduces to the 
Einstein-Cartan theory once the II Cartan structure 
equation is solved, it is valid for every values of the Im- 
mirzi parameter and in the limit = ± i it provides the 
Ashtekar-Romano-Tate theory [18| . 
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IV. EFFECTIVE THEORY AND THE 
NIEH-YAN INVARIANT 

The Immirzi parameter represents an open problem of 
LQG, which is, of course, one of the most promising ap- 
proaches to QG. The most striking result about the Im- 
mirzi parameter concerns the physical predictions of the 
quantum theory, which, for a reason explained in |12| . 
are affected by the presence of this parameter. Neverthe- 
less the fact that the entropy of a black hole could de- 
pend on a classically non-physical parameter is not com- 
pletely satisfying. An interesting solution to this problem 
could be found using a gauge group larger than SU{2), 
as suggested by Immirzi himself in |lOj and developed by 
Alexandrov, who, in the framework of Lorentz Covariant 
Loop Gravity, shows that no dependence on the Immirzi 
parameter appears in the spectrum of the area operator 
|3lll32l | (see also for an overlooking on the drawbacks 
of the SU(2) formalism). In this way we do not need to 
give any physical interpretation to the Immirzi parame- 
ter, just because it does affect neither the classical nor 
the quantum sectors of the theory. 

However the origin of this ambiguity is still argument 
of discussion (an interesting paper on this topic is |34|l- 
In this respect, the attempt to give a classical physical 
meaning to the Immirzi parameter by minimally coupling 



spinor fields to gravity has not led to a completely con- 
sistent result as showed in the previous section. Thus 
according to the general idea that inspired the introduc- 
tion of new variables for General Relativity, we present 
below a theory containing spinor fields, which, in the 
framework of the covariant approach to the Ashtekar- 
Barbero-Immirzi formalism, has as effective limit the 
usual Einstein-Cartan theory. In other words, we propose 
an action for the coupled system of spinor and gravita- 
tional fields, which contains two modifications with re- 
spect the Einstein-Cartan action in line I|1U|) : the first 
is the well known Hoist modification, the other one is a 
non-minimal interaction term in the spinor action. The 
main result of this section is the reduction of these modi- 
fications to the Nieh-Yan invariant which, as demon- 
strated in the Appendix ^ can be rewritten as a total 
divergence; moreover, since in the approach we present 
below the Immirzi parameter results to be a multiplica- 
tive factor in front of the Nieh-Yan invariant, then it does 
not affect the classical dynamical equations. 
It is worth noting that the Nieh-Yan invariant reduces to 
a topological invariant on compact manifold (we address 
the reader to the Appendix ^ for a brief description of 
the Nieh-Yan topological term), thus the parallel with 
the #-term in QCD can be finally restored. 
The action we propose is: 



S (e, u, i/>, W) = i J [eabad e a A e b A R cd - ~ e a A e b A R al 



2 ' 



^ 7 " l-_ 76 Xty-Xty> l - -75 7 a V> 



a 



(23) 



where the covariant derivative operators are defined in line and a is a constant. 

Now, using the relations in line IjBlSjl and the definitions in lines l|14|) . we rewrite the action above giving the 
explicit form of the contributes coming from the irreducible components of the torsion tensor: 



S (e, S 1 T,q^,W)=- l -J d*xdet(e) e\e\ (r^ +^ e ab cd R* 
-i f d 4 xdet(e) 



2(3 



— S P -2T»)-- T p T p - — T p S p + — S V S» + - q pvp q^ p - — e^g/V 



3i 



2/3 



(24) 



+ - / d 4 xdet(e)e p a ( ^7° Vy. i> ~ Z>m tfi> ) + ^ / ^det(e) V M (</>757 M ^) + / cTxdet(e) ( — T p - - S p ) J, 



2a 



'(A)- 



Varying now the action with respect to T p , S", q pryT , we can calculate the expressions of the irreducible components 
of torsion, which explicitly are 

3 ( aP-/3 2 \ _3/J^3 + l 

1 -ia[p + l) J W b ~ ol /3 2 + 1 » ) ' q -°- (25) 



The solutions above obviously depend both on the Im- mirzi parameter and on the constant a, but for a = (3 
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they reduce to those in line l|17|) . yielding a reduction 
of the action (|24[1 to the usual effective Einstein-Cartan 
action H19J1 . modulo total derivatives, depending on the 
fmmirzi parameter, which do not affect the classical equa- 
tions of motion. 

This derivation refers to general value of the parameter 
[3 — a: it is worth noting that when the Immirzi parame- 
ter gets imaginary values the gravitational and the spinor 
sectors of the action are non-Hermitian, so that reality 
conditions are necessary to ensure that the evolution be 
real. On the other hand, when the Immirzi parameter 



assumes real values, the action is Hermitian as one can 
easily verify remembering that 7 g = 75. 

The action (|23|) differs from the usual 116|) for the pres- 
ence of additional terms, but the low energy effective dy- 
namics these two different actions provide is exactly the 
same, because, as we are going to show, the additional 
terms contained in the action ill'MI) with respect to (|I6(I 
are the elements of the Nieh-Yan invariant Let us 
consider the following equality: 



^ / [e a A e b A R ab + * e a A (^757°^ - Th/rf^i/))] 



f 

2ft 



3a A e b A R ab - i dV T a S a + q a A q a - * e a A K a d jf A) + d (* e a J ( a A) ) 



(26) 



j ° ab 

where we divided the spin connection as ui = 10 
+K ab , being K ab the contortion 1-form. As soon as one 
realizes that * e b A K a b — T a dV, where T a is the scalar 
vector ljI4a|l and takes into account solutions i|17|) . the 
equality above reduces to the integral of a total diver- 
gence: 

J [e a A e b A R ab + * e a A (^757^^ - W7 a 75^)] 

= Ypj d[Tafxea) - (27) 

In the last equality we have taken into account the fact 
that the pseudo-trace axial vector is the only irreducible 
components of the torsion 2-form different from zero. 
The term in the right side of the equation above, as 
showed in the appendix^] is just the total divergence to 
which the Nieh-Yan topological invariant reduces when 



the II Cartan structure equation is taken into account, 
it is worth stressing that the formula in line l|A4(l can be 
applied only in the case we deal with compact (Rieman- 
nian) space. 

In other words, the additional terms in the action pro- 
posed in this paper reconstruct the Nieh-Yan invariant 
as soon as we take into account the solutions in line ljI7|l . 
On the other hand, having added to the original Einstein- 
Cartan action terms which reduces to total divergence en- 
sures that the classical dynamics be preserved, just like 
in the original Hoist approach, but with the generaliza- 
tion to the case in which spinor fields are present in the 
dynamics. 

Now we show that the action proposed in line (|23|) 
reduces to that in the paper of Ashtekar-Romano-Tate 
|18| when the Immirzi parameter is taken equal to the 
imaginary unit. For (3 = i indeed we have: 



S ART (e,u,i>,tf) =-J (e abcd e a Ae b AR cd + 2ie a Ae b AR ab ) + - I * e a A [0 (I + 75 ) 7 Q 2^ - Xty 7 a (I + 75) V>] • 

, (281 



Considering the complex self-dual connection 5 : 

Aab _ ab 1 ab cd (1Q\ 

with its associated curvature tensor, F piy afc , which is re- 



5 A tensor field is self-dual if ± t ab cd T cd = iT ab . 



lated to the curvature of the spin connection io ab by the 
following relation: 

p ab p ab 1 ab p cd ('QO^ 

which means that the curvature of the self-dual connec- 
tion is the self-dual part of the curvature of the spin con- 
nection [3^ , then the action in line (|28|l can be rewritten 
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S ART (e, A, V>, W) = - J e a A e b A -F ab 

+ i [* e a A ^PtThfi - W7 a -Pfl^] . (31) 



where we have used the definition of the left and right 
spinor projectors Pl = i (l — 7 s ) and Pr = | (l + 7 5 )- 
Remembering the explicit form of the Dirac matrices 



7 a , 7 in chiral representation given in lines IB 7(1 and 



(|B16|) . we get for the spinor sector of the action (see Ap- 
pendix El for further details): 



S (<r, A,£,£,r),rj) = J d 4 xdet{a)£ with 
C = iV2a\ A , {f'v^e - (v^ A ) rj A ') , (32) 

where £ A and r/ A are SL(2, C) spinor fields, while a AA 
are the soldering forms. The covariant derivative acts 
only on spinor fields with unprimed indexes and assumes 
the following form: 



V^p A =dp A + ^^A k a kA i: 



bP 



with 



(+) A i 



A 



Oi 



,0i 



(33) 



(34) 



where a A B are the Pauli matrices 6 . So that the Ashtekar 
connection results to be the complex gauge field of the 
local SU (2) rotation in the spinor space. This derivation 
shows how the Ashtekar formalism allows to encode the 
full local Lorentz gauge symmetry of the theory in the 
complex SU(2) valued connections, reducing the phase 
space of the theory to that of a complex Yang-Mills gauge 
theory, with additional reality conditions needed to en- 
sure that the dynamics be the one of the real Einstein 
theory. The fact that the covariant derivative acts only 
on the unprimed (primed) spinor fields is a consequence 
of the (anti) self-duality of the connection A and, in gen- 
eral, when the Immirzi parameter is different from ±i,we 
should expect that the action contain covariant deriva- 
tives operators acting both on unprimed indexes and on 
the primed ones. 



V. LEFT-RIGHT SEPARATION OF 
GRAVITY-SPINORS ACTION 

In this section we will show that the spinor action for 
arbitrary values of the Immirzi parameter contains, as 
anticipated in the previous section, covariant derivatives 



of primed and unprimed spinor fields, but unexpectedly 
these contributions separate in two independent parts. 
This particular feature of the spinor action suggests that 
the theory associated to an arbitrary value of the Immirzi 
parameter can be separated in the sum of two indepen- 
dent self and anti-self dual actions with different weights, 
depending on the value of the Immirzi parameter itself. 
The resulting separated action, resembling to a partial 
parity violating action, can give rise to new investiga- 
tions about symmetries breaking. 

In order to show this let us first of all introduce the 
following connections 



i+) A], := u <? 



jk^p 1 



(-) Ai ._,,,»< 



jk 



and their inverse 

4 h = y h i ( H 4- (+) 4) 



(35a) 
(35b) 

(36a) 
(36b) 



These relations allow us to rewrite the spin connection 
matrix w" b E„j, in function of the fields ( + 'A l „ and ^ A L n : 
using the relation in line l(B21(l and the explicit form of 
the matrices a 1 and E 1 given in lines IB 10(1 and l|B14(l . 
we have: 



1 



<E o6 = - 2 + 2^ fe <E 

= i [(E 4 -Oi) t-^ + CEi + Oi) {+) Al 



(37) 



Some algebra allows us to write the spinor sector of 
the action ((23(1 as 

S(a M lv,v)=J^ xd et(a)C with 

C = h/2aV [e L (t'vW (vl +) rj A ) V A ') (38) 

where we have introduced the constants 6l := ^ ^1 + J^J 

and 9r := | ^1 — j^j . The covariant derivatives opera- 
tors act on primed and unprimed spinor field respectively 



as 



V^p A = d,p A + l -WAW 



A n B 

p" bP 



V^T A ' = d,T A ' + \ V S ' 



(39a) 
(39b) 



Using relation IB3I we obtain D^'pj^ = dp^ — \A k Pc ■ 



It is worth noting that the spinor action above reduces to 
the one in line 132(1 when the Immirzi parameter is equal 
to the imaginary unit, i, while for (3 = — i it gives the 
Ashtekar formulation in the case of anti-self dual con- 
nections. The action above refers to any value of the 
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Immirzi parameter and results to be the sum with dif- 
ferent weights of the "left" and "right" spinor actions, 
interacting respectively with the self and anti-self dual 
connection. 

The above "left-right" separation of the spinor action 
suggests to search for a similar behavior in the pure grav- 
itational sector of the action IL'Mt . This separation is in 
fact possible as already demonstrated in |22j, |23j ; here, 
for the sake of completeness and self-consistency of the 
paper, we briefly describe the main points of such a pro- 
cedure, addressing the reader to the cited papers for in- 
teresting applications to the quantum theory. 

In order to perform the separation we now define the 
Dirac valued gravitational field and spin connections 
ojfi as 

e M = e M a 7 a , and w M = 7[a7&] = -i^f^ab, (40a) 



thus, remembering the following formulas: 

tr ( 7 Q 7 b 7 V) = 4 (r] ab r] cd - T] ac r] M + r 1 ad r 1 bc ) , (41a) 
i tr (7 5 7 a 7 & 7 V) = 4 e abcd , (41b) 

direct consequence of the definitions in lines l|B7|) and 
(|B15j) . the Hoist action (0) can be rewritten as: 



S(e,u) = ^ / d 4 xdct(e)tr 



i 



1 - - 7 5 I e » e »R 



Now, since we have i ^1 — jj"f 5 ^ = OlPl + &lPr, where 
Pl and Pr are respectively the left and right projectors, 
then it is possible to rewrite the total action in line (|23|) 
as follows 



S L - 



L — R 



l - J d*sdet(e)eV&(fc (+) F, v ab + 6 R ^ F^ ab ) 

J d 4 xdet(e) e\a\ A , [f) L (fv^ A - (z>< + V) V A ' 



(42) 



r 



It is important to note that the left and right action are 
completely independent, being associated respectively 
with the dynamics of the self and anti-self dual connec- 
tions interacting with the left and right components of 
the spinor fields. 

The next step will be the 3+1 splitting of the above 
L-R action, which we will carry out in the next section: 
we believe that an important point will be represented 
by the demonstration that the Barbero constraints given 
in lines © are obtainable without any effort from the 
constraints of the L-R action. 



VI. CANONICAL APPROACH 

In this section we will carry out a 3+1 decomposition 
of the action proposed in line (|23|l in order to construct 
the Hamiltonian constraints. In this respect, we empha- 
size that, even though a canonical formulation for the 
real Barbero connections (f3 — 1, A l a = T l a + K l a ) in pres- 
ence of fermion fields in second order formalism already 
exists [3(| 7 , to our knowledge a canonical formulation of 
the dynamics of the gravitational field coupled to spinor 



7 As far as the quantization of diffeomorphisms invaria nt theo ries 
with fermions is concerned, we address the reader to l37t l38l . 



matter for arbitrary values of the Immirzi parameter does 
not exist in the literature; in this sense we generalize the 
calculation contained in 18, 36] for general values of the 
Immirzi parameter. Moreover it is important to stress 
that the resulting constraints are affected by the non- 
minimal Dirac Lagrangian we start from, which has been 
motivated before in this paper. 

Being aware of the comment by Samuel in |24j about 
the incorrectness of using a "gauge fixed" Lagrangian to 
derive the constraints of the theory, nevertheless taking 
into account the works of Alexandrov [3l| and Barros e 
Sa , which demonstrate the correctness of the results 
obtained by Hoist with the gauge fixed Lagrangian 0, 
l24j . in order to arrive at the canonical formulation, we 
choose the so called "time gauge" . This choice simplifies 
the splitting reducing the tetrad field and its inverse 
e v b to the following form: 



N N a e D 
eJ 



and 



/ 1 



\ 



P 



N 



(43) 

we are indicating with N the Lapse function and with 
N a the Shift vector; the tetrad basis above reconstructs 
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the ADM decomposed metric, in particular we have: 
ds 2 = e^eavdx^dx" 



N 2 dt 2 



j al3 (N a dt + dx a ) (N f3 dt + dx ) , (44) 



where q a p = eje,^ is the 3-metric. 

Using the expression above for the tetrad fields the 
Hoist action assumes the following (3+1) form: 



5(3+1) = - / dtd 3 x^[F at M e a t - N^e^Fj 



+ _ jy e a e P F %j 

-r 2 1 3 <*0 

where we introduced the compact notation 

7? ab td ab i _ ab r> cd 

" fxv [kit ' 2^ cd^^iv 



(45) 



(46) 



The explicit expressions of the tensors contained in 
the action above can be computed by a very long but 
straightforward calculation, using the following defini- 
tions 



(+) B i 
{-) B i 



1 

w 

1 

w 



,jk. 



(47a) 
(47b) 



we obtain: 



F, 



+ 1 ,» , ,Qj Hot i ~ 1 J , ,oi(+) R fc / 4S _N 
2~3~ 3 k t ol jfe t -°a> ( 48a ) 

8 It is worth noting that the following relations hold: (^'^4^ = 

j3(+)B*„ and ^ (+) ^ = in order not to gen- 



4/3 



Ok 



2 + 1 , ( _j ■ (-) fc /? 2 + 1 j (+ ) 3 ( _) k 

+ ^ jk Ck 9R € jk a \ a HQ}! 



J? % 3 
r af3 



ft 



20 



-f lJ a { ^B k ^ 



(48b) 



^ i+) B\ a ^B^ 
(ft 2 + l) (+)BfJ->B j] 



/i 2 + l 



(-) Rf (-) RJ 



0] 



(48c) 



From the above general expression of the (3 + 1) action 
we can easily deduce the self and anti-self dual ones, re- 
spectively associated to ft = i and — —i, 8 the result- 
ing actions are singular: below we directly write the well 
known secondary first class constraints for — i: 

G 4 (+) = T>l+)E? = d a E? + cy k MALES = 0, (49a) 

(49b) 



c (+) =E a (+)^ = , 
CM = U3 kETE P (+)^ = 0, 



(49c) 



and for = —i: 

GH = V^Ef = daE ? + e . . * (-)^i^ = 0, (50a) 

(50b) 



r<(~) — (-) rpi _ r. 



(50c) 



where 

erate confusion note also the difference between the symbol A 
and JK. 



{+)A3 

Mr aP = 2d [a m a 



i«4 
I- e% fc 



and 
and 



iK> a , 



. f . ., p a P~i P 3 P k 



(-)^ a = -i(-)A^ = ri 

= -v^det^e" , 



are respectively the self and anti-self dual Ashtekar con- 
nections, their associated curvature tensors and the con- 
jugate momentum. 



are 



Now, in order to write the constraints for the total ac- 
tion (EU we use the result obtained in the previous sec- 
tion. In particular denoting with W, u>, u;, ir the conju- 
gate momenta associated respectively to the spinor fields 
£, fj, r), £ the constraints for the L-R action in line 142|) 



G l (+) = - - (iraiC + WW) , 



(51a) 
(51b) 
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-*(+) 
J 



R c ( f } 



+ i6 n (wV^ } V + V ( p kit) , 



e L c (+) - e R c ( - ] 

= 9 L E? (Wl?i + )£ + 2)Wf^) (51d) 
+ R E? (sJa'X^r? + P^aV) . 
Let us define the new connection 

l0) < = J^Tq- r (Ol {+) ^ a 9 R t")^) (52) 
and the new curvature tensor 



a/3 



?L - OR 



+ (p 2 + 1) ■MM' 



(53) 



we recognize in the connection defined in line H52[) the 
Ashtekar-Barbero-Immirzi connection ^A l a = T l a + 
fiK l a: which result to be a weighted sum of the self and 
anti-self dual Ashtekar connections. 

Subtracting the constraint l|51b[l from the (|51ap . we 
obtain the generalization of the Gauss law in the presence 
of spinor fields and for arbitrary values of the Immirzi 



parameter: 



(51c) V a E« = d a E? + e tf k W AiE% 



(54) 



1 6l / \ 1 Or i -x \ 

(ircTiZ + rjUiU) + -- — [ujcriri + £(TiTT) 



2 Or — 8l 



2 Ol — & i 



Reabsorbing the two components spinor fields in the 



four components Dirac spinor as i\) 



and ip 



■0 + 7o = [V Q an d defining the conjugate momenta re- 
spectively to "0 and tp as II = iJqi\y = (W to) and 

ft = —iyfqj°ip = ( ^ ^ , the Gauss law above can be 

rewritten in the more readable and compact form: 

V a E? = d a E?+e l3 k ^AiE% 

= - % - [nOfai + tEOV + ^OSoi+iEOn] • (55) 

In order to rewrite the total 3-diffeomorphisms and scalar 
constraints we have to take into account either the rela- 
tion in line (|53|) either the following ones: 

8 L D^=e L DW- l -^±±r a a\ (56a) 

= WW + i^g^r>\ (56b) 

we obtain 



ft 2 



■pA; 
7 



=0 L (WD^t + vWrjuj 



Or (s 



03)7 



iP 2 



1 



4 f3 2 



-Tl. (Tra 1 ^ + r\a % uj — uio % r\ + £<rV) 



(57) 



We note that the second term on the left hand side of the equations above does not vanish trivially as in vacuum, 
in fact when spinor matter is present the spin connection contains also contributes proportional to spinor field, its 
general expression is given in line Ijl8|l : on the other side it vanishes together with the last term in the same equation 
when the Immirzi parameter is equal to ±i, reducing, respectively, to the 3-diffcomorphisms constraints of the self 
and anti-self dual theory in presence of spinor fields. 

It remains to calculate the scalar constraint. Using as above the relations in lines l|53|) and (|56|l . we obtain 



ij 09) T k , 2 P Z + 1 / (j)) A i _ T i\( (0) A J „ ^ 



P 



8 L E? (Wl^ + vWfjju) + OrE? (cJa l V^ V + P<«^ 
i 2 + 1 - 



(58) 



The constraints in lines l|54|) , l|57|) and (|58|l have compli- could represent an useful tool in view of quantum theory, 
cate expressions, on the other side the ones in lines (|51J) . but since the dynamics is described by the self and anti- 
besides being polynomial have of course simpler form and 



12 



self dual Ashtekar variables, additional reality conditions 
are needed 9 . 



VII. CONCLUDING REMARKS 

In Ashtekar-Barbero-Immirzi formulation of General 
Relativity the /3-parameter does not play any role in the 
classical dynamics, in fact it is introduced in the theory 
via a canonical transformation of the conjugated canon- 
ical variables. But since the canonical transformation 
cannot be implemented unitarily in the quantum theory 
then the Immirzi parameter has important effects in the 
quantum theory leading, as showed by Immirzi himself, 
to a dependence of the spectra of the quantum opera- 
tors on the (3 parameter [l(|. As clarified by the Hoist 
covariant formulation, the Immirzi parameter is a multi- 
plicative factor in front of a "on shell" topological term, 
where the on shell condition is represented by the II Car- 
tan structure equation, with vanishing right hand side, 
i.e. vanishing torsion; in this paper we have shown that 
the Immirzi parameter plays the same role also in the 
presence of spinor matter fields, on condition that we 
consider a non- minimal action for fermion fields. The 
introduction of the non-minimal action has been moti- 
vated by the request that the effective theory coming 
out from the coupled gravity-spinor system, be the one of 
the Einstein-Cartan theory: the demonstration that the 
sum of the additional Hoist modification to the Hilbert- 
Palatini action and of the non minimal term in Dirac 
Lagrangian reduces to the Nieh-Yan invariant provides a 
geometrical foundation to the theory. 

The action we have proposed reduces to the Ashtekar- 
Romano-Tate action when the Immirzi parameter is 
equal to the imaginary unit, explaining why the Ashtekar 
variables were originally introduced in spinor formalism: 
because they are the natural connection for the left part 
of a Dirac spinor field. 

Our approach generalizes the Ashtekar-Romano-Tate 
one to the case of real connection; we think this devel- 
opment of the formalism could be important in view of 
the quantum theory, in fact the difficulties found in im- 
plementing the reality conditions at the quantum level 
have led in these last years to give up the relative simple 
constraints of the original Ashtekar approach, in favor 
of real connections, which do not require any additional 
condition. 

A striking feature of the non-minimal spinor action is 
that it can be rewritten as a sum of two term with differ- 
ent weights depending on the Immirzi parameter and re- 
spectively coupled to the self and anti-self dual Ashtekar 
connections. We have demonstrated that a similar sep- 



9 As far as the problem of choosing appropriate reality conditions 
for the left-right separated theory is concerned, we address the 
reader to l23l. 



aration works for the gravitational sector too, this fact 
simplifies very much the calculation of the constraints of 
the complete theory, which can be rewritten as a weighted 
sum of the well known constraints of the self and anti-self 
dual Ashtekar theory. 

The separation of the action in, let's say, left and 
right part not only represents a simplification of the con- 
straints, but, since the separated action resembles to the 
one of a partially parity violating system, it could be an 
important tool to get an insight into fundamental sym- 
metries of space-time. 

Finally, since it exists a dualism between physical (ma- 
terial) frame and time in quantum gravity |40|, the con- 
sistent introduction of matter fields in QG could repre- 
sents a way to solve the problem of time, as many authors 
have argued during the years |4l|, EM LCI • 



Appendix A: NIEH-YAN TOPOLOGICAL TERM 

The Nieh-Yan topological term is the only Lorentz in- 
variant exact 4- form including torsion. In fact, using the 
expression in line (|5J) we can write 

e a A e b A R ab -T a AT a 

= e a AdT a +Lo b a Ae a AT b -T a AT a , (Al) 

now by the II Cartan structure equation (jSJ we have 

e a A dT a +uj b a Ae a AT b -T a A T a 

= e a AdT a - de b AT b , (A2) 

finally we arrive at the expected result 

e a A e b A R ab — T a AT a = d (e a A T a ) . (A3) 

The integral of the Nieh-Yan topological term over a 
compact manifold has a discrete spectrum, just like the 
Euler and Pontryagin classes. It is possible to show in 
particular that 



(e a A e b A R ab - T a AT a 



M 1 



= — [P 4 (50(4)) - P 4 (50(5))] , (A4) 

where with P 4 we are indicating the four dimensional 
Pontryagin classes: 



P 4 



R ab A R ab 



M 1 



(A5) 



To show what stated above it is necessary to embed the 
group of rotations on the tangent space 50(4) into S*0(5) 
[21| . In order to do this, let us construct a connection 
for SO(5) combining the spin connection and the tetrad 
fields: 



/ 



AB 



L 

5 b 



(A6) 
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where capital letters run from to 4, while the constant 
L has the dimension of a length and is introduced for 
dimensional reasons. Once constructed the curvature 2- 
form F AB associated with the connection Q AB it is sim- 
ple to realize what follows: 



F AB A F AB = R ab A R a b ~\~ ~j~2 (T a AT a -e a Ae b A R ab ) . 

(A7) 

So we have: 

(e„ A e b A R ab - T a A T a ) 

= 4" / {R ab A Rab - F AB A Fab) > (A8) 
which gives the formula l|A4(l . 



A/ 1 



Appendix B: SPINOR FORMALISM AND DIRAC 
EQUATION 

In this appendix the reader can find a brief descrip- 
tion of spinor formalism pH 146^ , which will allow us to 
introduce the spinor representation of Dirac's matrices: 
many of the expressions and formulas contained in this 
appendix are useful for the derivation described in the 
last part of Section HVl and in Section Ivl 

In relativistic theory two kinds of spinor fields ex- 
ist. They are indicated with primed A',B',C and un- 
primed spinor indexes A, B, C, to raise and lower un- 
primed spinor indexes we use the non-degenerate anti- 
symmetric tensor e AB and cab , which following the stan- 
dard convention |45j| is defined as minus the inverse of 
cab ) in other words we have: 



AB 



£bc = -8 



A 

c- 



(Bl) 



Let W be a two dimensional vector space over the com- 
plex number, the pair (W, cab) is called a spinor space: 
the antisymmetric tensor plays the same role of the met- 
ric field on the space-time. In order to compensate the 
minus sign in line (|B1|) . to raise a spinor index we con- 
tract the second index of the antisymmetric tensor, i.e. 



where u a AB are the soldering forms: these represent the 
Dirac equation in spinor representation. Let us also write 
down the equations satisfied by the complex conjugate 
spinor fields £ and rj: 



■^T A ' a m - 

*OaC VA'B = -^Vb, 

7r) a 77 n BA ' - — J A ' 
10 VB^a — ? ' 



(B5a) 
(B5b) 



where we used the fact that the soldering forms are Her- 
mitian. Settling the spinor fields £ and r\ in the bi-spinor 

ip as ip = ( ^ ^ , the Dirac equations can be rewritten in 

the ordinary symmetric form 

il^d^ijj = mijj, (B6) 

the Dirac matrices in spinor (or chiral) representation 
assume the following form 



(B7) 



sentation, introducing the bi-spinor field ip defined as 
ip = "0 + 7o = (rj £), equations l|B5() can be rewritten 
in the ordinary symmetric form as 









' 




(J 


«)■ 


-<■=( 




ry 


the 


Pauli 


matrices. 


In 


the same 



(B8) 



It is worth noting that in the low energy limit Dirac 
equation must reduce to the dynamical equation of spin- 
i non-relativistic particles, in other words we expect that 
the four components spinor description provided by the 
Dirac equation reduces to the two components of the non- 
relativistic Pauli's theory The limit po — > m and p — * 
in equations i|B4afl . in fact, yields the relation £ = ?/, 
which means that only two of the four components con- 
tained in the bi-spinor ip are independent, so the dynam- 
ics is effectively described by a two components spinor 
field. 

By the way exploiting a particular form of the Dirac 
equation where an explicit time derivative term is present 



X A = e AB \ B = -e BA X B , (B2) 

it is worth paying attention to what follows: 

^ A \ A = e BA fi B X A = -e AB fx B X A - —fj, B X B , (B3) 

in particular, for any spinor field X A , we have A^A^ = 0. 

The request of relativistic invariance fixes for spinor 
fields the following system of equations: 



i<7 a B>Adat A = -7= VB> 



m 
72 



ia AB 'd^ B , = ^=e, 



(B4a) 
(B4b) 



idoip = Hip, 



(B9) 



with the Hamiltonian Ti. defined as TL — ia k dk + f3m, we 
have the occasion to introduce the 4x4 matrices a 1 and 
/?, which, in chiral representation, assume the explicit 
form: 



a 1 
-a { 



/3 = 7° 



(BIO) 



The matrices a 1 are the generators of the Lorentz boosts, 
indeed in chiral representation for an infinitesimal boost 
transformation corresponding to the variation of velocity 
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of the reference system 8V l , the primed and unprimed 
spinor fields transform as follows: 

which, using the bi-spinor field, can be rewritten in a 
more compact form as 



r' = ( 1 - \cfSVi j 



Likewise for an infinitesimal rotation we have 



(B12) 



= ( 1 + - ^S9 t ) V, 



A generic Lorentz transformation can be written in 
a compact form introducing the antisymmetric matrix 
tensor E ah defined as 



b ^ab „,a„,b. 



which satisfies the following useful relation: 

{ 7 a ,S bc } = 2e ahc dl5l d , 
[ 7 Q ,E bc ] = 4tt^V ] - 



(B17a) 
(B17b) 



(B18) 
(B19) 



(B13) The explicit form of the antisymmetric tensor E af> is: 



where in the formal vector SO 1 we contain the infinites- 
imal angles of rotation with respect the three reference 
axes 10 . 

It is simple to realize that either in the chiral either in 
the Dirac representation the matrix ^E% where 



a 1 
a 1 l 



(B14) 



E a6 = 



( 





ia 1 


ia 2 


ia 3 


— ia 1 





E 3 


— E 2 




■ 2 

—icr 


— E 3 





E 1 
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—ia 3 


E 2 


-E 1 






(B20) 

introducing also the infinitesimal antisymmetric tensor 
5e ab — (5V, Sft), where for the listing of the components 
we used the same convention in (IB20I) . then we obtain 



represents the 3-dimensional spin operator. We remem- 
ber that in a generic representation this operator can be 
written as — a l j 5 , this allows us to introduce the explicit 
form of the Hermitian matrix 75 |46j| 



= 75 = «7o7i7273 = i7 3t 7 2t 7 lt 7° t = 7 5t , (B15) 

which in the chiral and Dirac representation respectively 
writes: 

7 5 = ( _1 ° ) and 7 5 = ( ° _1 V (B16) 

10 The formulaQ lB Al/ and 1B131 are vand - li &&/ jepresentation, 
whether a' and S l indicate the matrices in that specific repre- 



E afc £e afc = -2E l (56», - 2ia r 8V ll 



(B21) 



consequently we can summarize the transformation laws 
of spinor fields in lines (|B12(1 and JB13(I in the following 
compact form: 



= ( 1 - ^ a "Se ab ) V, 



(B22) 



which is the transformation law of a bi-spinor field under 
a 4-dimensional Lorentz rotation. 

sentation. 
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